Abstract. We recall and generalize the analysis of the output of the so-called balanced homodyne detectors. The most important feature of these detectors is their ability to quantify the vacuum fluctuations of the electric field, that is expectation values of products of (quantum-) electric-field operators. More precisely, the output of BHDs provides information on the one-and two-point functions of arbitrary states of quantum fields. We generalize the analysis of the response of BHDs to the case of quantum fields under influence of static external conditions such as cavities or polarizable media. By recalling the expressions for two-point functions of quantum fields in Casimir geometries we show, that a rich, position-and frequencydependent pattern of BHD responses is predicted for ground states. This points to a potentially new characterization of quantum fields in Casimir setups which would not only complement the current global methods (Casimir forces), but also improve understanding of sub-vacuum energy densities present in some regions in these geometries.
Introduction
One of the most intriguing predictions of quantum field theory is that classically positive quantities need not have positive expectation values. The far-reaching implications of this are clear in the case of energy-densities of quantum fields: for classical fields these are almost always positive but in a quantum theory there might be regions in spacetime, where the expectation values of the corresponding operators for some states are negative (sub-vacuum). These states and regions are locally "darker than vacuum". While the understanding of this phenomenon progressed constantly over the last decades, with a number of surprising results having been discovered ‡, attempts were also made to verify these predictions experimentally. Naturally, in order to see sub-vacuum fluctuations it is at least necessary to have detectors capable of seeing and quantifying the vacuum fluctuations. Such detectors, known as balanced homodyne detectors with local oscillators, were first proposed in the context of quantum optics by Chen and Yuan [5] . With their help the squeezed states of light were seen to exhibit regions with sub-vacuum electric field fluctuations (e.g. [6] ). While squeezed states provide examples of states of quantum fields in Minkowski spacetime which violate the energy conditions of general relativity even more "generic" states, such as ground states for quantum fields in static spacetimes, can achieve this. In this paper we analyze, focusing on QFT in cavities of Casimir type, the response of balanced homodyne detectors. We show, that such a detection scheme is capable of providing a detailed characterization of the states of quantum fields which would be complementary to the currently available experimental results restricted so far to global quantities such as Casimir forces.
Detectors
In this section generalize the standard description of of the photodetection process §. We will present the observables corresponding to photodiodes and Balanced Homodyne Detectors as QFT-operators, exhibiting how the basic field operators, such as the quantum electric field operator, combine to yield the detectors output. This formulation on the one hand allows for an easy generalization to situations with external conditions (cavities, polarizable media) and on the other shows that fundamental objects of QFT in external backgrounds, such as the n-point functions, are directly experimentally accessible with BHDs.
Photodiodes
We shall model the photodetection as an excitation of an electron residing initially in a well-localized bound state ψ 0 , to the continuum of excited states, ψ(q), caused by an interaction with the quantum radiation field. Let the dynamics of the system be generated by the Hamiltonian
with the simple H 0 = p 2 /2m ⋆ + V (x) and the electron-field (dipole) interaction
The wavefunctions ψ 0 and ψ(q) are eigenstates of H 0 and the quantum electric field operators, E i (t, x), are in their interaction picture. We will replace E i (t, x) by
i.e. by the field-operator taken at the point, x, in the vicinity of which ψ 0 is essentially localized. The evolution will be determined from the first order perturbation theory. In order to have well-defined QFT observables we shall multiply V int with a smooth function of time g(t) equal to one in during measurement and vanishing rapidly elsewhere (for similar formulation see [9, 4] ). If the quantum field is initially in the state S (which is arbitrary here) then the probability of exciting the electron is given by:
where P e is the projector onto the space of final states, U g is the evolution operator with the interaction controlled by g(t), and the measure dµ(q), specifies the final states of the electron. The above expression can be written in a compact form:
where symbolically d 2 g ≡ g(τ )g(s) ds dτ , while ω q = E(q) − E 0 stands for the unperturbed (w.r.t. H 0 ) energy difference between the excited and the ground state of the electron and d j (q) = (ψ(q), e x j ψ 0 ). It is convenient to introduce a symbolic notation:
Balanced Homodyne Detector with a local oscillator
It turns out, that an arrangement of two photodiodes illuminated with an auxiliary coherent field provides an especially efficient detection setup capable of quantifying e.g. the vacuum fluctuations of the quantum field. Consider the setup presented on the figure 1. The observable corresponding to the charge collected at V is the difference of the outputs of the photodiodes:
On a BHD the state of the quantum field which is investigated, S, is "blended" with a strong coherent state (LO). The blending has a "coherent character" and therefore we describe it as follows: Figure 1 . BHD with a LO. The state of the quantum field under investigation, S, (here shown as something "propagating", but this is not necessary) is "blended" with a coherent state (LO) on the polarizing beam splitter (PBS1). The charge excited at the photodiodes P Dx and P Dy is subtracted at V and provides a measure of the expectation value of the observable J (and of its higher moments). Note, that the setup is arranged in such a way, that if S was a monochromatic coherent state, it would be phase-matched to the LO at the point x, but shifted in phase by π at y.
where
F denotes the electric field of the LO, and (S, F ) is the state resulting from the "blending". The symbol P stands for an arbitrary QFTobservable (Polynomial) constructed out of the electric field operators. Let the LO be a monochromatic coherent field, so that at every point x we may write
with a real vector K i and the frequency ω > 0. (The phase t 0 , which depends on the point x, can be varied at will in experiments.) The detector is arranged (balanced) is such a way that ¶ F i (τ, x) = −F i (τ, y). The expectation value of J for the detector balanced in this way is
(the terms proportional to F 2 cancel.) The quantum electric field in an empty Minkowski spacetime possess the standard decomposition
where p = |p| and [a i (p), a *
. We write the field operator briefly (by defining appropriate b i (p)):
Later, it will be necessary later on to replace K i by a frequency-dependent function k i (ω) and integrate over ω.
¶ Up to a necessary rotation, see figure 1 and the note below.
After performing symbolically the τ and s integrations in the operators of the form d 2 g F ⋆ E in eq. (9) we are lead to terms involvinĝ
Of these, the termĝ(ω q − ω)ĝ(p − ω q ) dominates the other three, because ω, ω q , p are all greater than zero, and the Fourier transform of g(t) is concentrated around the zero frequency with a rapid decay away from it (in the limit of infinite times of measurements, g → 1 andĝ(ω) → 2πδ(ω)). This essentially enforces the restrictions ω q = ω and p = ω in the integrations over dµ(q) and d 3 p respectively. Let us now simplify the discussion and assume that ψ 0 = ψ 0 (|x|), ψ q = exp(iqx), with the measure dµ(q) = d 3 q and the energy difference of the states ω q = q 2 /2m ⋆ − E 0 which, when fixed, translates into a fixed value of q = |q|. With these assumptions we find the leading contribution from d 2 g F ⋆ E:
which is equivalent to
| ω meaning the negative frequency part of the electric field operator restricted to the frequency ω, taken at the time t 0 , and the term A(ω) depends on ψ 0 . By performing an analogous analysis for other terms in eq. (9) we obtain
In the limit T → ∞ the operator in (13) becomes troublesome (its square, for instance, has infinite vacuum expectation values) and it is necessary to replace the constant K i by a frequency dependent one, k i (ω), and integrate over the frequencies. The equation (13) is then replaced by
with a smooth k i (p) which can, for instance, be sharply peaked around the frequency ω of an almost-monochromatic local oscillator.
For quantum fields in non-trivial static external backgrounds (cavities or polarizable media), the electric-field operators possess a generalization of the decomposition (11):
where the multi-index p a corresponds to the parameters of electromagnetic waves supported by the environment/medium (such as types of waves and their wave vectors), ψ i (p a , x) denotes the (electric field of the) solution of the Maxwell equations with these parameters and dν(p a ) denotes the appropriate measure. The frequency, ω(p a ), is given by a known dispersion relation. The functions
which is the negative-frequency part of the field operator restricted in frequencies and polarizations by k i (ω). Let us note, that in the current case the commutator of positive and negative frequency part of the field operators is no-longer position-independent. In the language of quantum optics this means, that there may points x with reduced fluctuations of both so-called quadratures of the quantum field. We will encounter an example of this is in section 3.
The BHDs can be employed to measure properties of any states S of the quantum electric field. However, for many interesting states the expectation value of the electric field operator (and thus the leading term of J (S,F ) ) vanishes. This happens for instance for ground/vacuum states, single-photon and squeezed states. In such cases the variance of the detectors output J 2 (S,F ) provides further information which characterizes the state S. For the leading term of
Apart from the overall detector-dependent factor A(ω) the variance is determined by the two-point function of the quantum electric field in the state S, with the polarizations of the fields and their frequencies selected by the local oscillator. We note, that J
Balanced homodyne detectors in Casimir geometries
In this section we will consider a BHD placed between Casimir plates. We will make use of the results of [10] and provide their relation to the characteristics of the output of the detector. In ref. [10] two-point functions were derived for the ground state G of the quantum electromagnetic field between perfectly conducting parallel plates. The twopoint function for the electric field operators, [10] ) by differentiating the image-sums
where L is twice the distance between the plates which are perpendicular to the xdirection. Specifically for electric field operators in the y-direction (tangential to the plates) we have
where differentiations are performed with respect to the first point (x) only. Let us now set the points so, that x lie at the same spatial position as x ′ but by s later in time:
, where x is the distance from the first pate. We find
which is a function of s and x. The Fourier transform of this function with respect to s gives the frequency spectrum (eq. (2.30) of ref. [10] ),
where Q(x) = sin x/x + cos x/x 2 − sin x/x 3 . We note, that the n = 0 term of the first summand, equal to ω 3 /6π 2 , corresponds to the Minkowski-vacuum spectral density (i.e. to the situation without plates). Hacyan et al. have summed up the series and expressed the n-sums in terms of piecewise elementary functions of ω. Here, we will only vacuum (denoted by Ω) and Casimir spectral densities for L = 10 (plate separation 5). Finally, let us make a connection with the observables measured by BHDs. For quantum fields in cavities/media we find (cf. eq. (16))
The expectation value of the output of the BHD in the ground state vanishes, while its variance, (18), contains two parts, one of which depends on the relative position of the diodes (this part comes from the term E i (t, x)E j (t, y) G ). The position-independet part is simply related to the spectral density:
where ω LO is the local-oscillator frequency. Thus in the usual situation where k y (ω) is sharply peaked around ω LO the spectral densities of eq. (19) and figure 2 are proportional to the position-independent output of a balanced homodyne detector. The positiondependent part can also be computed for a given spatial position and orientation of the photodiodes. We stress, that the output is independent of the phase of the LO, which although characteristic for static states is unusual because of the appearance of sub-vacuum fluctuations.
Conclusions and outlook
We have derived the operators corresponding to the output of balanced homodyne detectors in a way which allowed for generalization to static external backgrounds, such as fields in cavities or in polarizable media. Furthermore, relying on the results for quantum fields in Casimir geometries, [10, 11, 12, 13] , we have argued, that balanced homodyne detectors would be able to measure fine characteristics of ground states in these geometries. Static, position-and frequency-dependent sub-vacuum fluctuations of the electric field are to be expected. This generalizes the usual intuitive understanding in quantum optics and provides a test of yet unexplored generic quantum field theoretical effects in Casimir geometries. We hope that experimental attempts to verify these predictions would follow.
